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As a development of our previous work, this paper is concerned with the Greenberger-Horne- 
Zeilinger (GHZ) nonlocality for continuous variable cases. The discussion is based on the introduc- 
tion of a pseudospin operator, which has the same algebra as the Pauli operator, for each of the 
A'^ modes of a light field. Then the Bell-CHSH (Clauser, Horne, Shimony and Holt) inequality is 
presented for the N modes, each of which has a continuous degree of freedom. Following Mermin's ar- 
gument, it is demonstrated that for A-mode parity-entangled GHZ states (in an infinite-dimensional 
Hilbert space) of the light field, the contradictions between quantum mechanics and local realism 
grow exponentially with N , similarly to the usual A-spin cases. 
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Under the presumption of local realism, Einstein, 
Podolsky and Rosen (EPR) argued that it seems pos- 
sible to assign values with certainty to canonically con- 
jugate variables (e.g., position and momentum) of one 
particle by performing experiments on another particle 
of an entangled biparticle system EPR's observa- 
tion is definitely in conflict with quantum mechanics. 
The entangled states of the biparticle system are now 
known as the EPR states of continuous variables. In 
1965 Bell, using Bohm's EPR states of discrete variables 
(e.g., spin) [||, derived the famous Bell's inequalities 
[^-^, enabling quantitative tests of quantum mechan- 
ics versus local realism. So far, many experiments based 
on Bohm's EPR states completely confirmed quantum 
mechanics |6|. Bell's theorem without inequalities has 
also been demonstrated for nonmaximally entangled bi- 
particle states and multiparticle Greenberger-Horne- 
Zeilinger (GHZ) states In this case, the contra- 
dictions between quantum mechanics and local realistic 
theories are of a non-statistical nature; the nonlocality 
can be manifest in a single measurement. Using three- 
photon polarization-entangled states, Pan et al. carried 
out an experimental test of GHZ theorem pO[ | , confirming 
again the correctness of quantum mechanics. Besides its 
theoretical interest, research work on quantum nonlocal- 
ity also gains great impetus from the rapidly developing 
field of quantum information theory ||ll|] . 

Quantum nonlocality for continuous variables has also 
attracted much attention recently ||5|,|l^-|l4| . Several pro- 
posals have been put forward to prepare the original EPR 
states |]l5Hl7|| ; EPR paradox in EPR's original sense has 
been realized experimentally [^8|jl^] . The experiment ex- 
ploited the nondegenerate optical parametric amplifier 
(NOPA), which generates the two- mode squeezed vac- 
uum states ( "regularized" EPR states) 
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with r > denoting the squeezing parameter and \nn) = 
l"-)2 twin-photon states. In the limit of infi- 
nite squeezing, the states |NOPA) reduce to a normal- 
ized version of the original EPR states [|l^,^ . Since the 
Wigner function j2^] of |NOPA) is positive everywhere, it 
has been argued that the original EPR states may allow 
a hidden variable description and thus will not exhibit 
nonlocality |,|l2|,|l|,^ . This point of view was dramat- 
ically changed by Banaszek and Wodkiewicz (BW) . 
Within a phase space formulation, BW used the "Bell 
operator" ||2l| based on the joint parity measurements 
and demonstrated the violations of the Bell inequality 
due to Clauser, Horne, Shimony and Holt (CHSH) [||. 
GHZ nonlocality for continuous variables has also been 
analyzed , relying on the BW formalism. On the ex- 
perimental aspect, a recent experiment observed, for 
the first time, the violations of the Bell-CHSH inequal- 
ity by the regularized EPR states produced in a pulsed 
NOPA within the homodyne detection scheme. 

In a recent paper |lj], we have generalized Bell's in- 
equalities to the continuous variable cases for biparticle 
systems. Our formalism is based on a new Bell oper- 
ator, which is a direct analogy of its discrete variable 
counterpart pl[ |. In such a physically appealing man- 
ner, Bell's inequalities for both discrete variable (in a 
two-dimensional Hilbert space) and continuous variable 
(in an infinite-dimensional Hilbert space) cases take a 
mathematically similar form. In this paper, we extend 
the work to entangled multiparty systems. In particular, 
we will present GHZ theorem for the parity-entangled 
GHZ states of a three-mode light field. Moreover, the 
Bell-CHSH inequality for multiparty systems of discrete 
variables will be generalized to continuous variable 
cases. 

Let us start with considering a light field with three 
independent modes 1, 2 and 3. For each mode of the 
light field, we can introduce the "parity spin" operator 
(i.e., pseudospin operator acting upon the parity space 
of photons) 
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with 



denoting the usual Fock states of the j-mode 



Ught field. After a simple algebra, it can be shown that 

s^^^s■j^ + SipSj,. = 2%(5^^. {p., V ^ x,y, z) (4) 

The commutation relations in Eq. (^) are identical to 
their counterparts of the spin-1/2 systems. Thus each 
parity spin operator Sj acts as the counterpart of the 
Pauli operator a. In particular the following relation is 
valid 



Uj{C,j,rij) = exp 



.0. 



cos I 







zn., • s., sm — 
J J 2 



(5) 



for Sj as for a. Here is an arbitrary unit vector. 
Uj{Q, hj) are, in fact, the rotation operators in the parity 
space of photons. 

Now one can introduce states of definite parity for each 
mode 
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— 1. Some important properties of 



these parity states are 
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Hence |±)^- are the eigenstates of the parity operators 
Sjz, with the corresponding eigenvalues ±1; the opera- 
tors Sj± "flip" the parity of |^)^ and annihilate |±)j- In 
this aspect, |±)^. are similar to the spin-up and spin-down 
states of the spin-1/2 systems. Using the rotation opera- 
tors as in Eq. (||), one can construct eigenstates of hj ■ Sj 
for each mode. Now the parity-entangled GHZ state of 
the light field can be directly constructed as 



|GHZ)3 = — (|+>J+>2|+)3 
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Note that this state is defined in an infinite-dimensional 
Hilbert space. 



Following GHZ's argument [pljQyi l] , it is directly verifi- 
able that the GHZ state (^) satisfies the eigenvalue equa- 
tions as 

SlxS2xS3x |GHZ)3 = - |GHZ)3 , 
SlxS2vS3y |GHZ)3 = |GHZ)3 , 

SlyS2xS3y |GHZ)3 = |GHZ)3 , 

sivS2yS3x|GHZ)3 = |GHZ)3. (9) 

Thus quantum mechanically, one can determine any op- 
erator {six, Sly, S2x,- ■ •) by performing appropriate mea- 
surements on the other two modes of the light field. To 
establish a local realistic interpretation of the quantum- 
mechanical results (^), one assumes that the individual 
value of any operator {six, siy, 522;,- • .) is predetermined, 
e.g., by local hidden variables, regardless of any set of 
parity spin measurements on the three modes of the light 
field. These predetermined values are denoted by pix, 
Ply, P2xT ■ with Pjx,Pjy = ±1- To bc consistcut with 
Eq. (||), local reahstic theories impose the following re- 
lations 



PlxP2xP3x 
PlyP2xP3y 



-1, PlxP2yP3y = +1, 
-1, PlyP2yP3x = +1- 
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But in fact, these relations are not mutually consistent. 
For example, the latter three relations in Eq. ([l0| ) give 
PixP2xP3xP\yPlyPly = PixP2xP3x = +1, wMch coufUcts 
with the first relation in Eq. (p^). Here we have used 
the fact that p'jy = 1. Thus quantum-mechanical pre- 
dictions are incompatible with local realistic theories for 
the parity-entangled GHZ states (||). Also, the contra- 
dictions between quantum mechanics and local realism 
occur for perfect correlations (i.e., for non-statistical pre- 
dictions) of the three-mode light field. It is worth point- 
ing out that the GHZ paradox associated with position- 
momentum variables has also been considered in terms 
of the Weyl algebra in Ref . . 

In a real experiment, the perfect correlation condition 
in the GHZ argument is very difficult to implement prac- 
tically. To face this difficulty, one has to rely on the 
multiparty generalization of Bell's inequalities, which has 
been derived originally for discrete variables [Q. Here 
we generalize the multiparty Bell-CHSH inequality to the 
present continuous variable case. 

First, let us define the Bell operator in the case of a 
two- mode light field p^ : 

B2 = (ai • §1) (g) [(a2 • §2) + (a2 • §2)] 

+ (a'i-Si)«[(a2-S2)-(a^-S2)], (11) 

where ai_2 and sl'i 2 are four unit vectors. The commuta- 
tion relations in Eq. (||) lead to, e.g.. 



(ai • si)2 = /i, 



(12) 



where Ii is the unit operator for the mode-1 of the light 
field. Equation (O) implies that the eigenvalues of the 
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Hermitian operator ai • §1 are ±1. Now the A^-mode Bell 
operator can be recursively defined by 



Bn = B 



1 



N) 



-B' 



-[(aAT • sjv) - (a^ • sjv)], 
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where Sm {m = 1, 2, 
as defined in Eq. 



N) are the parity spin operators 
I and a^ are all unit vectors. B'j^ 
defined in Eq. (13) has the same expression as Bm, but 
with a„i <-^- a^. Similarly to the discrete variable case 
Q , local realistic theories must satisfy the following A^- 
party Bell-CHSH inequality 



\{B. 



< 2, 
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where {Bn) is the expectation value of Bn with respect 
to any iV-mode state of the light field. 

Meanwhile, an upper bound of K^tv)! can be deter- 
mined quantum mechanically. By analogy to the A^-party 
Bell-CHSH inequality for discrete variables we can 
prove, using the properties of [see Eq. (0)]7that 
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In the last step of Eq. (p^), we have used the fact that 
B| < 22+1 jl|, from which the upper bound 2^+^ of Bjf 
can be recursively obtained. Therefore quantum mechan- 
ics gives an upper bound 2(^+i)/2 of \{Bn)\; N-mode 
entangled states of the light field can violate the A^- 
mode Bell-CHSH inequality (|lj) by a maximal factor of 
2(^-i)/2^ similarly to the discrete variable case For 
the two-mode Bell-CHSH inequality, the upper bound 
2'^/-^ of I (Sat) I is known as the Cirel'son bound jEq] . Inter- 
estingly, the A^-party Bell-CHSH inequality (|14|), though 
expressed in terms of discrete variable operators (i.e., the 
parity spin operators), can be exploited to uncover the 
GHZ nonlocality of continuous variable states, e^., the 
multi-mode entangled states considered in Ref . [p2| . 

Can an A^-mode entangled state of the light field maxi- 
mally violate the A^-mode Bell-CHSH inequafity (|l|)? To 
answer this question, we follow Mermin's reasoning ||2^ ] 
and take, as an example, the following A^-mode parity- 
entangled GHZ state (instead of the multi-mode entan- 
gled states as in Ref. p2[) 



|GHZ)^ 
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From Eq. (|^) we have 



{Smx±iSrny)\T)m = 2|±) 
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Then it can be easily verified that |GHZ)^ is an eigen- 
state of the following operator 
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with eigenvalue —2^ ^. Hence, quantum mechanics pre- 
dicts that 
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By contrast, local realistic theories predict a much 
lower bound on the measured results of A for large A^. 
Under the notion of local realism, there are predeter- 
mined values pia;, Ply, P2x,- ■ ■ {Pjx,P]y = ±1) correspond- 
ing to operators six, sij,, S2x,- ■ ■■ Each of these prede- 
termined values of these operators does not depend on 
other measurements. Consequently, local realistic pre- 
diction on the upper bound of A reads 
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Compared with the quantum-mechanical prediction (|lt 
local realism predicts a bound of A lower by a large factor 
growing exponentially with N. 

As comparison, within the BW formalism the contra- 
dictions between quantum mechanics and local realism 
also grow with increasing number of parties for multi- 
mode entangled states generated from squeezed states 
and beam splitters |^^. But the growth seems to de- 
crease for larger number of parties, instead of the expo- 
nential growth. In this aspect, the merit of the present 
formalism is manifest. 

To summarize, we have discussed the GHZ nonlocality 
for continuous variables, as a natural development of our 
previous work |Q. The introduction of the parity spin 
operators satisfying the same algebra as the Pauli oper- 
ator is crucial to our discussion. Then the A^-party Bell 
operator of continuous variables was constructed in terms 
of the parity spin operators of the A^-mode light field, re- 
sulting in a generalization of the multiparty Bell-CHSH 
inequality to the continuous variable cases. Following 
Mermin's argument, it has been shown that for A^-mode 
parity-entangled GHZ states (in an infinite-dimensional 
Hilbert space) of the light field, the contradictions be- 
tween quantum mechanics and local realism grow expo- 
nentially with A^, similarly to the usual A^-spin cases. 
Within our formulation, there is a striking similarity be- 
tween the multiparty Bell theorem for both discrete and 
continuous variables. Our result shows that only par- 
tial (i.e., parity spin) information of the whole Hilbert 
space of continuous variables is sufficient for the mere 
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purpose of uncovering quantum nonlocality. On an ex- 
perimental aspect, however, the problem of realizing the 
parity-entangled GHZ states remains open. 

Note added. — After the completion of the work, we be- 
came aware of a related paper by Massar and Pironio . 
These authors considered the GHZ paradox for continu- 
ous variables in terms of modular and binary variables. 
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